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For a certain collection of sets of formal power series, we show that a series belonging to any
one set is related by a rational formula to some series in any other set. The collection includes
the set of Poincaré series of loop spaces on finite CW complexes; the subset obtained when we
restrict to complexes of dimension four; the set of Hilbert series of finitely presented graded
algebras; the set of Poincaré series of Noetherian local rings; and the subset corresponding to
those rings whose maximal ideal cubed vanishes.

1. Introduction

For a certain collection of sets of formal power series, this paper shows that a
series belonging to any one set of the collection is related by a rational formula to
somie series in any other set. This introduction is dedicated to setting forth the rele-
vant terminology; to explaining what we intend to prove in Sections 2 and 3; and
to giving the appropriate mathematical context in which these results occur. In par-
ticular, we will show how our results may be viewed as the establishment of six
‘missing links’ in a certain diagram.

Since the core in each of our results asserts that certain series are ‘rationally
related’ to each other, we must define this concept first.

Definition 1. Let A(z)= Y, _,a,z" and B(z)=Y%~ , b,z" be non-zero formal
power series with (say) integral coefficients. We say that A is rationally related to
B and write A ~ B if and only if there exist polynomails p;(z), 1<i/<4, such that

P (R)pa(z) #p2(2)3(2)
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_n (2)B(2)+p2(2)

A(z)

DP3()B()+pa(2)

A set ./ of formal power series is rationally dependent upon another set # if and
only if VA €.« 4B € # such that A ~ B. We write /= % when ./ is rationally depen-

dent upon 4.

Lx(z) when H4 (), (4,9)
k =@, where a negative (a)
71{X)=0 and I ——— f.p. d.g.a.
HXX;Q) is with A(z)
f.g. asa rational
Q-algebra [123 i
implicit in
L, b
Hc@z),
CW complex, 7 (C,d)a
Ty (X) =0 G(Z), [13]‘ G(Z), (b) fini[ely
Gafp. - »| G being a «— | presented
Lx(z), connected f.p. g.a. —_ positive
X a finite (14] graded 5] d.g.a.
2-cone, Hopf G(2), - with C(z)
m(X)=0 algebra G ad.o.g. rational
f.p. g.a.
Lx(z), x= | [I08] G(), i ©
VHUUeH |* ™| Galz2 G(2), J(f)
—» | Hopf alg. G having a -
contiguous | —— Pp(z),
G(2), presentation (B,d) a
Gal-=2 d) negative
Hopf alg. [13] G(z), ‘_[ d.g.a.
with gl. <+———» | G aone-two with
dim. (G)=3 algebra dim(B) < o
Pp(z),
17 (B,6)a
negative
c.d.g.a.
Pr(z), R a Noetherian © with
commutative local ring (————————& | dimB)<
Pg(z), R an Artinian
local algebra with m>=0

Fig. 1. A diagram showing seventeen sets of formal power series and their rational interdependencies.
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Clearly ~ is an equivalence relation. It is also clear that &/ — 4 whenever «C 4
and that o/ — .2 — % implies .&/ > #.

The sets of formal power series which will interest us, together with their rational
interconnections, are represented pictorially in Fig. 1. The best way to describe our
results is to outline the meaning of each component in that picture.

Fig. 1 shows various rectangles and subrectangles with arrows between them. The
areas and subareas represent sets and subsets of formal power series, and a directed
path from a set .« to a set # signifies that .o/ — %.

Divisions within the connected regions of Fig. 1 designate nested subsets, with the
higher-placed labels describing more inclusive sets. For example, ‘finite CW com-
plexes’ includes ‘finite 2-cones’, which in turn includes ‘spaces of the special form
(VS U(Je")". Directed paths representing the fact that . — .2 when ./ C # are
sometimes suppressed in the diagram, as is the path for .o/— ¥ if #/— #and 4 - ¢
are both drawn.

When one includes allowance for passage from a subregion to an abutting higher
subregion (representing passage from a set to a superset), one sees that one can flow
from any rectangle of Fig. 1 to any other rectangle along the indicated paths. Com-
binatorially the diagram is called a ‘strongly connected directed graph’. Paths
labeled with bracketed references describe rational dependencies previously known
and where the proofs can be found. Sections 2 and 3 of this paper will complete the
six heretofore ‘missing links’ (a) through (f).

Our main result can therefore be stated as

Theorem 1. The seventeen sets of formal power series pictured in Fig. 1 are all ra-
tionally dependent upon each other. [

The set descriptions in Fig. 1 should be mostly self-explanatory once a few ab-
breviations are spelled out. Before proceeding we must fix a field k, preferably
though not necessarily a prime field. The definitions of the seventeen sets will de-
pend upon the chosen k, so there is actually a different version of Theorem 1 for

ach possible field k.

e will begin at the bottom of Fig. 1 and work our way upwards. To begin with,

- rnihrase ‘the set of all’ is suppressed throughout for space considerations, e.g. the
regiun labelled ‘Ly(z), X a finite CW complex, 7,(X)=0" stands for

{Lx()] X is a simply connected finite CW complex}.

When R is a local commutative Noetherian ring with residue field k, the Poincaré
series of R is

Pg(z)= Y dimy (Tor(k, k))z".
n=0
In [16] G. Levin gave an important reduction theorem from which it follows that
Poincaré series of Noetherian local rings are rationally related to Poincaré series of
Artinian local rings.
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Implicit in our Theorem 1 is the following strengthening of this result.

Theorem 2. Given any commutative Noetherian local ring (S, n,K), there is a com-
mutative Artinian local k-algebra (R, m, k) with m* =0 such that Pg(z)~Pr(z). O

In other words, all the complexity of Poincaré series of local rings is already pre-
sent just among local k-algebras having m®=0.

When X is a simply-connected locally finite CW complex, its /oop series is the
Poincaré series of its loop space 2X:

Lx(Z) = ng(Z) = Zodlmk(Hn(QX;k))Z" .

The space X is a finite 2-cone if it has the homotopy type of the cofiber of a map
between two finite wedges of spheres:

r f g
\VALERVACES'd
j=1 i=1
A rather special class of spaces consists of those 2-cones for which each d;=3 and
each ¢;=2. These spaces always have a cell decomposition of the form

X=<\g/lsz>u < Qe“). ¢}

Implicit in Theorem 1 is

Theorem 3. Given any finite simply-connected CW complex W (or, if char(k)=0,
any simply-connected W for which H*(W;K) is finitely generated as a k-algebra),
there is a space X of the special form (1) such that Ly(z)~Lx(z). O

As with local rings, we see that all the richness and diversity of {Ly} is already
accounted for among the loop series of spaces described by (1).

Terminology related to connected graded k-algebras is described in [3] and [5] and
will not be repeated here. The abbreviation ‘f.p.’ stands for ‘finitely presented’;
‘g.a.” is ‘[connected] graded algebra’; and ‘gl.dim.’ means ‘global dimension’. A
‘d.o.g.’ algebra is ‘degree-one-generated’; if in addition the minimal relations are
quadratic we call it a ‘one-two algebra’. ‘Contiguous presentation’ is a technical
condition which can wait until Section 3 to be defined. The Hilbert series of any
locally finite graded vector space M= @D_, M, is

M(z)= Y dim(M,)z".
n=0
A Hilbert series is rational if and only if it equals the power series expansion around

zero of a rational function. In particular, by [3, Lemma 1.2] the Hilbert series of
a f.p. free algebra is always rational.
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The abbreviation ‘d.g.a.” stands for ‘[connected associative] differential graded
k-algebra.’ A d.g.a. is a graded algebra A together with a k-linear map d: A — A
of degree +1 such that d>°=0 and d is a derivation, i.e.,

d(xy)=d(x)y + (- D xd(») )

for all homogeneous x and y in A. We call (A4, d) a positive d.g.a. if |[d|=+1 and
(A, d) is a negative d.g.a. if [d|=—1.

(Note. This terminology, while reasonable, conflicts with another convention
which assumes that |d| is always minus one. What we call a ‘positive d.g.a.” becomes
under that convention a d.g.a. which is ‘negative’ in the sense that its non-zero part
is in negative degrees.) In either case, (A4, d) is a commutative differential graded
algebra (c.d.g.a.) if for all homogeneous x and y in A we have

xy=(~DFVyx,

and x?=0 whenever |x| is odd. The homology series of (A, d) is
HA(Z): Z dlmk(Hn(A9 d))zna
n=0

and when |d|= — 1 its Poincaré series is the Hilbert series of its differential graded
torsion, i.e.,

Pa(z)= ¥ dimy (Tory" (K, k))z"
n=0

(For the definition of differential graded torsion see [8] or [9]; for advice on com-
puting it in the commutative case, see, e.g., [11, Theorem 1.6.2].) Thus a negative
d.g.a. has three series associated with it: its Poincaré series P,(z), its homology
series H,(z), and the ordinary Hilbert series A(z) of the graded algebra A.

This completes a brief overview of the classes of series we shall consider.

One of the paths signifying rational dependence in Fig. 1 deserves further
clarification. The link showing that any G(z) for a one-two Hopf algebra G is ra-
tionally related to the loop series for a space of the form (VS?)U (Ue4) is proved
in [18] only for k=@, and it is proved implicitly in [14] or more explicitly in [4] only
for prime fields k. Because the usual method for topologically realizing the Hilbert
series of a one-two Hopf algebra involves recasting the coefficients in G’s presenta-
tion as the coefficients in a sum of Whitehead products, it requires that this presen-
tation utilize only the images in k of rational integers (cf. [2, Lemma 5.7]). Only
when k is a prime field can we count on an arbitrary G to have such a presentation.
Thus for non-prime fields we cannot necessarily assert that all the other series are
rationally related to loop series, even though the other rational interdependencies
remain intact.

2. The connection with differential graded algebras

This section is devoted to proving links (a), (b), (e) and (f) of Fig. 1. We will do
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this by describing four constructions, one from positive d.g.a.’s to graded algebras;
the next from negative to positive d.g.a.’s; the third from Noetherian local rings
(R, m, k) to negative commutative d.g.a.’s of finite dimension over k; and finally
the well-known bar-(cobar-)construction.

Theorem 4. Let (C,d) be any positive d.g.a. over k. There is a graded algebra C
such that

(A) If C if f.p. as a graded algebra, so is C.

(B) If C is a one-two algebra, so is C.

(C) The construction is functorial. That is, whenever ¢:(C,d)— (C',d") is a
homomorphism of positive d.g.a.’s, there is an induced homomorphism ¢:C— C’.

(D) The Hilbert series of C is related to the Hilbert series of the algebra C and
to the homology series of (C,d) by the formula

z2(1+2)C(z)*
(1+2)?~2C@)-2*Hc(z)

(E) In particular, if C(z) is rational, then C(z)~ Hq(z).

C)=(1+2)CE)+ 3)

Corollary 1 (Link (b)). The set of homology series of finitely presented positive
d.g.a.’s with rational Hilbert series is rationally dependent upon the set of Hilbert
series of finitely presented graded algebras.

Proof. Theorem 4(A) and 4(E). O

Corollary 2. The set of homology series of positive d.g.a.’s (C, d) for which C(z)
is rational and C is a one-two algebra is rationally dependent upon the set of Hilbert
series of one-two algebras.

Proof. Theorem 4(B) and 4(E). O

Proof of Theorem 4. Given (C, d), define C by
C=(Cuk<x, y)/J,

where |x|=|y|=1 and J is the two-sided ideal of Cl k{(x, y) generated by
{x%, xy, yx, ¥’} U {all [x, c] —d(c)| c is homogeneous, ce C}.

Here [a, b] denotes ab—(— 1)l4"'ba, so [x, ¢] =xc~ (- )Flex.

To prove parts (A) and (B), put D(c) = [x, ¢] — d(c) and note that D s a derivation,
so the relations {[x, c]—d(c)} are all consequence of the relations {[x, x;]—d(x;)}
as x; runs through a set of generators for C. If C=k{x,,...,X;)/{ay,.... > is a
presentation for C, then a presentation for Cis

C=k{xp, .o, X2/ ee s s X5 X9, X, Y25 16, X1 = d(X)), ooy [ X — d(Xg))
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In particular, (A) and (B) follow.

To prove part (C), any ¢:(C,d)—(C’,d’) induces a canonical map ¢:
Clk{x,yy— C' Uk{x,y) satisfying ¢(x)=x, #(y)=y, and @(c) =¢(c) for ceC.
Because

P([x, cl=d(c)) = [ (x), p(c)] — ¢(d(¢c)) =[x, p(c)] — d"(@(c)),

¢ induces a homomorphism on the quotient algebras, ¢:C— C'.

Part (E) of Theorem 4 is obviously an immediate consequence of part (D), so it
remains only to compute C(z). To facilitate this, we need two additional notations.
For a graded vector space N=@®7_ N, let sN denote its suspension, i.e.,
sN= @:":0 (sN),, where (sN);=0 and (sN),,=N,,_; for n>0. For a graded vector
space N having N,=0, let TN denote the connected graded tensor algebra
generated by N, i.e., TN= @7 (N®).

Put B=im(d)C C and let C be the quotient vector space
C=C/C,®B).
Consider the graded vector space
M=COsCRCRTEC)RsC),

in which we write a typical element as a linear combination of elements having the
special form

u=a@sb®(c; ® w®scy). 4
Here a, b, ¢, c;€C and w is a product
W= (SW)(SW3)... (sW,),

w; belonging to C and w; denoting the image of w; in C. In order for (4) to be
homogeneous of degree n in M, we require that n=|a|=|b|+1=|c||+|w|+]|c;| +
1, where |w|=|w(|+... +|w,| +q.
We can make M into a left (CUk{(x, y))-module as follows. For ce C put
cx(u)y=ca@®s(ch) @ (cc;) @ wR sc,.

when u is given by (4). Also put
xx(u)=d(@ @ s(dd)+ (- D) D d(c) @ wRsc,
and
yr)=0@ 0@ 1 ®[1 ®s(a— (- 1)*'dd)) + ((s¢))(W) ® scy)].

A straightforward calculation which we leave to the reader shows that M is an-
nihilated by the ideal J. Hence M may be considered as a left module over the ring
C.

In order to compute the Hilbert series C(z) we will define a surjective homomor-
phism of graded vector spaces y: C — M which will turn out to be an isomorphism.
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Let 1 continue to denote the unit element of the algebra C and let
e=1®0@®0eM. It turns out that M is a cyclic (CUk{x, yy)-module. To see this
let a, b, c¢;, Wy, Wy, ..., W, ;€ C satisfy

la|=1b|+1=|c;|+|w|+... + \wq]+ leal +g+1.
Then
(@+bx+ciywyy... weye)*(€) =a@®@sb D c; ® (sW))... (sW,) D (sc,).

Hence we have a surjection of left C-modules y: C — M defined by w(1) =e. In par-
ticular, we have

dim(C,)=dim(M,) in every degree n. (5)

We can obtain the reverse inequality by choosing a homogeneous basis § for
B@® C,; extending to a basis S for C; defining §=5—§, which surjects to a basis
for C; and considering the following subset of CUk({x, y):

S={a|laeS}U{bx|beS}
U{a(ywy)...(yw)ye, | g=0, w;eS§, c €8, c,e8S).

We assert that the image of §in C=(CUk(x, y))/J spans C. This is equivalent
to asserting that CUk(x, y) =J+span(S). To see this, first consider elements of
Clk{(x,y) which do involve x. Because xc=zxcx+d(c) (mod J) and
xcx=d(c)x+ cx*=d(c)x (mod J), and similar formulas hold for xcy or ycx, we can
always reduce to the case where a word involving x non-trivially has the special form
bx with be C. Thus the two-sided ideal generated by x in CUk{x, y) is contained
in (J+span(S)) + (CUk{y)).

It remains to show that Cl1k{y))C J+ span(S). A basis for Cuk{y) is certainly

{alaeS}U{c;(yw)...(ywpycs|cy, ¢, wi€ S}

But if any wje§, then w;e BOCy=im(d)®k, so either ywjyzy2 or
ywy=yd(c)y=yxcytycxy (mod J) for some c. In either case yw;yelJ, so
Cywr... yweyc, € J. The assertion that Cuk{y)CJ+span(S) follows. We have
shown that §, which can obviously serve as a basis for M, is a spanning set for C.
Deduce that

dim(M,)=dim(C,) for every n. (6)
Combining inequalities (5) and (6) we obtain
dim(M,)=dim(C,) for all n,
leading to
C)=M@).

But M(z) is easy to compute! It is
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M(z)=C2)+2C() + Cz)(1 —zC(@)) ™' zC[). )
By formula (8), whose proof follows immediately, we have
C(z)=C(z)-B(z)—-1
zC(z) N zH - (z) _1

=C@- 14z l+z
_C(@)+zH(z)-(1+2)
B 1+z ’

from which (3) follows by substitution into (7). [

Lemma 1. Let (C, d) be a positive or negative d.g.a. and let B=1im(d) be the graded
submodule of boundaries. If |d| = +1, then

B(Z):<_1z >(C(Z)‘HC(Z)) ®)
+z
and if |d|= —1, then
B(z):<—11 >(C(z)—Hc(z))- ©)
+Z

Proof. First suppose |d|= + 1. Write d,, for d|¢_and note that for each n we have
a short exact sequence of graded k-modules

0- Ker(d,)— C,—B,,, 0.
Putting K =Ker(d) we get
K(z2)=C(@)~z"'B().
Because H-(z)=K(z)— B(z) we have
Hc(z)=C(z) -z 'B(z) - B(z)
=Cz)-z '(1+2)B),
from which we obtain formula (8).

The proof when |d|= —1 is similar. O

Our approach to negative d.g.a.’s is to turn them into positive d.g.a.’s by adjoin-
ing a special element of degree two.

Theorem 5. Let (A, ) be a negative differential graded aigebra. Then there is a
positive differential graded algebra (C,d) such that
(A) If A is finitely presented, so is C.
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(B) The construction is functorial, i.e., any homomorphism ¢:(A, )= (A’, ")
induces a homomorphism ¢:(C,d)— (C’, d").
(C) The Hilbert series of C is C(z)=A(z)/(1 - z%). In particular, C(z) is rational
if A(2) is rational.
(D) The homology series of C satisfies
Az) | 2H, ()

He(z)=—"+ . 10
c®) I+z 1-z* (o

(E) If A(z) is rational, then H4(z)~H(z).

Corollary 3 (Link (a)). The set of homology series of finitely presented negative
d.g.a.’s having rational Hilbert series is rationally dependent upon the set of
homology series of finitely presented positive d.g.a.’s with rational Hilbert series.

Proof. Theorem 5(A) and 5(C) and 5(E). [

Proof of Theorem 5. Given (A, d), define C by C=A®K[y], where y is a new
generator of degree two. Claims 5(A) and 5(C) and the implication 5(D) = 5(E)
should be clear. Define d by

d(uy”)=o6(u)y**!
for ue A. The reader can check that d>=0 and that d is a derivation, so (C, d) is
indeed a positive d.g.a.
If :(A4,5)— (A7, ') is a homomorphism of negative d.g.a.’s, i.e., if ¢pd=5"9,
then the algebra map
$:(ARKk[y], d) (4" ®k[y], d)
given by @|,=¢ and @(y) =y satisfies
Pduy”y= @)y =@ ' =6 @)y =d ' (dwy”)),

so 5(B) holds.
It remains only to calculate H(z). But it is obvious that the k-modules
D=im(d) and B=im(J) are related via

D={uy’|ueB and a=1}.
Consequently
2B@)
(1-2%’
By formula (9) we have
B(z)=(1+2)"'(A(2) - H4(2))
and by (8)

D(z)=
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D(z)=z(1+2)"(C2) -~ Hc(z)),
so (10) follows by solving for H(z). [J

Let us turn now to the lower right portion of Fig. 1. In relating Poincaré series
of local rings to homology series of finitely presented positive d.g.a.’s we originally
worked in the equi-characteristic case. It was the idea of Clas L.ofwall to use the next
two results to get a reduction which is valid in any characteristic. Link (e) clearly
follows from the following theorem.

Theorem 6. Let (R,m,K) be any commutative Noetherian local ring, and let
n=dim(m/m?) be its embedding dimension. Then there is a negative commutative
differential graded algebra B which is finite-dimensional over k such that
Pr(z)=(1 +2)"Pp(2).

Proof. This result is essentially Corollary 4.6 in [10]. We include a slightly different
proof pointed out to us by Léfwall.

Without loss of generality we can assume that R is complete in the m-adic
topology. Hence R is a homomorphic image of a regular local ring R of the same
embedding dimension. Let K be the Koszul complex of R and let K=K® zR. Since
the acyclic closure of the augmented R-algebra R — k is obtained by first forming
the Koszul complex K by adjoining variables of degree 1 and then forming the
acyclic closure of K~ k, we obtain

Pr(z)=(1+2)"Pg(z).

We refer to [11] for details on acyclic closure. Let I be the acyclic closure of the
augmented R-algebra R — R. Then L is a commutative d.g. algebra which is free
over R. Put 4 =k ®; L. The canonical augmentation maps L~ R and K-k in-
duce quasi-isomorphisms

K=K®;RFK®;L>k®;L=A

giving rise to an isomorphism
Tor® 40 (k, k) =Tort 44 (k, k).

This yields Pg(z)=P,(z). Since K is zero in degrees above n we have
H;(A)=H;(K)=0 for i>n.

Thus we have an acyclic ideal 7 in A defined by I,)=A,; for i>n, I,=im(d4)NA,,
I;=0 for i<n. This yields another quasi-isomorphism A=>A/I. Setting B=A/I we
have Pg(z)=P,(z). The desired formula follows and the proof is complete since B
is a negative commutative d.g.a. which is of finite dimension over k. [

Link (f) can be described quite simply as the dual of the bar construction.
However, although the properties of this construction are well-known, the authors
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were unable to find the result we need spelled out explicitly in any one reference.
For this reason we supply a proof here.

Proposition. For any finite-dimensional negative differential graded algebra (B, 6),
there is a finitely generated free positive d.g.a. (C, d) such that Pg(z)=Hc(2).

Corollary 4 (Link (f)). The set of Poincaré series of finite-dimensional negative
d.g.a.’s is rationally dependent upon the set of homology series of finitely presented
positive d.g.a.’s (C, d) having C(z) rational. U]

Proof of Proposition. The bar construction [7, p. 73] on any associative augmented
negative d.g.a. (B, dp) gives a differential graded coalgebra. To get it explicitly,
one forms the tensor algebra TsB, sB denoting the suspension of the augmentation
ideal B. One then defines a differential d having |d|=-1 on B® TsB by
d=d,+d,, where d, and d, are given by these formulas:

d(@a®5b|®... ®5b,)=dp(@) @b, ® ... ®sb,
+ igl(i)a@)sbl@... ®sdph;)) ® ... @ sb,;
BaQsb,®... ®sb,)=A(1)ab,®... ®sb,
+ é:zll(i)a(@sbl@... ®s(b;_1b)®... ®sb,;

where A(i)=(— 1)f+}a\+)bll+--- +1bi]

It is straightforward to verify the following properties:

(A) di=d?=d,d,+dyd, =0, so d*=0.

(B) Viewing B=B®k as a submodule of B® TsB, d|pgx=ds.

(C) (B® TsB, d) is acyclic. If n: B— B is any left inverse to the inclusion B B
such that ndy=dgn (which exists in our case because we assume any d.g.a. to be
connected), then the map a®@sb;® ... Rsb, ~ 1 Qsn(a) Rsb; & ... Qsb, is a chain
contraction.

(D) (B® TsB, d) is a left (B, dg)-module.

Properties (A)-(D) show that (B® TsB, d) is a (B, dg)-resolution of k. Therefore

Tor$ 99 (k, k) = H((k, 0) ®, (B® TsB, d))= H«(TsB, d),

where d=id, ®, d.
The key property of d is that it makes 7sB into a differential graded coalgebra,
i.e., the coassociative diagonal map

A:TsB— TsB® TsB

given by

Ash, ®... ®sb,) = ;0 (5, ®... b)) R (sh;, | ®... ®sb,)
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becomes a chain map [6, pp. 21-22]. It follows that the graded dual
(C,dc)=((TsB)*,(d)*) is a positive differential graded algebra. When B is finite-
dimensional over k, C is a finitely generated free algebra (hence C(z) is rational).
Because B is locally finite over a field, dualizing does not alter the size of the
(co-)homology groups, i.e.,

H'(C,dc)=~ H;(TsB, d).
Consequently Pg(z)=H-(z), as promised. [

Remark. The problem of studying Poincaré series of algebraic systems was initially
raised in the 1957 paper of A.l. Kostrikin and I. Shafarevich (Dokl.Acad.Nauk
S.S.S.R 1115, 1066-1069) where they looked at P,gn(z) with N a finite-
dimensional associative nilpotent algebra over k. They conjectured that such a Poin-
caré series would always be a rational function. In [17] C. Lofwall disproved that
conjecture by establishing rational interdependence between the set of Poincaré-
series of finite-dimensional associative k-algebras k@ N with N 3= 0, and the set of
Hilbert series of 1-2 algebras G over k. The latter set was known to contain non-
rational series by an example of J.B. Shearer [19].

The lower left connection in Fig. 1 follows from this interdependence since restric-
ting G to the class of 1-2 Hopf algebras corresponds to restricting N to being
commutative.

3. The reduction to one-two algebras

In this section we will define a ‘contiguous presentation’ and prove links (c¢) and
(d) of Fig. 1. This will complete the proof of Theorem 1.

Before getting into the proofs themselves, a few remarks on the context of this
question on reducing to one-two algebras may be helpful. In [5, Theorem 6(a)] it
is shown that the Hilbert series of any f.p. graded algebra G differs ‘very little’ from
the Hilbert series of an associated degree-one-generated algebra N; the precise rela-
tionship is that

N(E@Z)=p()G(z)+q(z)

for a pair of polynomials p and gq. Theorem 6(b) of [5] goes on to say that there
is a one-two k-algebra B such that

N(z)<B(@)<r(z)N(@)+5(z)

for certain polynomials r and s, where < denotes coefficient-wise inequality. But
there is no guarantee in [5] that B(z)~ N(z), because there is no single formula
which describes B(z) in terms of the series N(z) and invariants such as Tor} (k, k)
or Tor} (k, k). Indeed, the precise series B(z) is sensitive to the specific presentation
chosen for N.
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The ideas developed here were suggested by this seeming intractability. We will
present a variation on the construction in [5, 6(b)] and a class .#" of d.o.g. algebras
such that, when N e.#, the resulting one-two algebra B has a Hilbert series which
is rationally related to that of N. The condition defining .4 is actually a constraint
on N’s presentation, and when the condition is met we will call the presentation
‘contiguous’. It then remains only to show that any finitely presented graded
algebra’s Hilbert series is rationally related to the Hilbert series of an algebra in .4,
which we accomplish through a variation on the construction in [13].

Definition 2. Let G be a degree-one-generated finitely presented graded algebra over
k and let
G=k(x1,...,xg>/(a1,...,a,) an

be any minimal presentation for G. Let F=k{x,...,X,) be the d.o.g. free algebra
and for subsets D and E of F let DE=span{xy|xeD,yeE}. Put R={q,...,a,}
and let R;={e;| |oj| =i}, so R=R,UR;U... UR,, where d=max{|ey| |1 =j=r}.
Let I be the two-sided ideal <(ay,...,a,>)=FRF in F and let
P=span{xy,...,x,} = F; CF. Then the presentation (11) is called contiguous if and
only if, for every integer m in the range 2=m=d— 1, we have the equality

< f R,-F)ﬂ(P”’I): f R (12)

i=m+1 f=m+1

Lemma 2. Any one-two algebra has a contiguous presentation.

Proof. Condition (12) is vacuously satisfied since d=2 and there are no integers in
the range 2=m<d-1. [

Remark. Lemma 2 justifies the placement of the rectangle for ‘contiguous presenta-
tion’ directly above the region for ‘one-two algebras’ in Fig. 1.
Example 1. An example of a presentation which is not contiguous is

G=k{u, v, w, x, ¥)/{0Xx—XW, Xy, UUX).

To see that (12) is violated, try m=2:

3
< R,-F> N P21 = (uvxF) N (P1) > uvxy
i=3

i=

but Z?=3 R;I=uvxI contains no non-zero elements in degree four.

Example 2. An example of a presentation which is contiguous is

G=k{u, v, w, x,y)/{ux—XwW, Xy, uxw).
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To see that (12) is satisfied we have d=3 so we need only check m=2:

3
=uxWI:R3I= Z RiI.
i=3

An algebra’s presentation being contiguous is not an invariant of the algebra.
Clearly the algebras presented in Examples 1 and 2 are isomorphic! The fact that
this condition is nevertheless useful is implicit in

Theorem 7. Let G be g degree-one-generated X-aloebra and suppose that G has ¢

heorem 7 degree-one-generated k-alg
contiguous presentation with g generators. Let F, R;, I, P, and the number d be as
in Definition 2. Then there is a one-two algebra B whose Hilbert series is given by

B(z)=<l%z>0(z)[1 +(gl 4+ 4. +g9 YY)z

d

— E}#(Rj)(z2+z3+...+zj1)}. (13)

Corollary 5 (Link (d)). The set of Hilbert series of finitely presented graded algebras
which have contiguous presentations is rationally dependent upon the set of Hilbert
series of one-two algebras. [

Proof of Theorem 7. Let S={x|,...,x,} be the set of generators for G. For m=0
let Y,, denote the collection of all integer m-tuples ¢=(a,...,4,) in which
l<g;<g. For 6€Y,, let x, be shorthand for x, x,...x, €F. Put Y= Ul y,
and for each g€ Y let u, denote a new symbol of degree one. Define a graded k-
algebra A by

A=k(SU{ustseyU{o}r/d,
where Ju|=1 and J is the two-sided ideal generated by

{ugu.|o, 1€ Y} U {xu, | x;€S,0€Y)

U {vx;|x;e S} U (i, o,y = X5, X5, | (01, 02) € Y }
U{vug, ..o y = U, -a, pXe,|(O1s...om) € Y,, and 3=m<d).

By using the relations in J, any element of A can be written uniquely as a linear
combination of elements having the following ‘standard form’:

w=x.0' or w=u.x’; (14)
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so as graded vector spaces we have A=(k@U)R®F®k[v], where
U=span{u,|oe Y}.

One key property of A is that it is a one-two algebra. The other is that F=k{S)
embeds in A in such a way that the equation

holds whenever o =(ay, ..., g,,) with 2<m <d. Consequently the elements of (F).»
all have a common left factor in 4. Because of this we can take an arbitrary ye F,,
for m=d, write it as y=Y _,, ¢;X, where ¢ €k, and then define

(1] =
- Z cau(almal)xawl""xam

ol =m

Y

for ¢ in the range 2<t<m to get the relation that

y=v'" 1yl (15)
whenever 2=<¢<|y| <d. Defining y!!! = y, note that when any y') is written in ‘stan-
dard form’ (14), we have y'le UN® F® 1, where U is defined to be k and
U =span{u, | € Y,} for t=2. Our plan is to take as B a quotient of 4 in which
G instead of F' embeds.

For each of the defining relations «; in the presentation (11) for G, let
B;=all%" 1 Let K=(B;|a;e R) be the two-sided ideal they generate in A and put
B=A/K. Note by (15) that |y"l|=]y|—1+1, so each |8;|=|e;| —(la;| —1)+1=2
and B is therefore a one-two algebra. We assert that, in A4,

d-1
K=k®IQk)® @ (UM IQkK{v]

+span{a/" FQk[v]| |o;|>m}). (16)

To prove (16), the reader may check that the right-hand side is a two-sided ideal
which contains each §; and that a spanning set for the right-hand side is obtained
by multiplying the §; on the right and/or the left by sequences of generators of A.

We are almost done. It remains only to compute B(z). Fortunately each vector
space summand involved in (16) is homogeneous in 4= ®r, A,, where we
describe a k-submodule M of A as homogeneous if M= P> (MNA,). Because
of this we can write B(z)=A(z)— K(z), where

d-1
K(z)=1(z)<l+z> LT V""l(z)(%_z) a7

Here VIMl=pymMer+ span{a}"']F| laj|>m} C UM @F for m=2.

To compute V"(z), let u,,: U™ ® F— F be the degree-(m — 1) homomorphism
of right F-modules defined by u,,(u,)=x, for c€ Y,,. Then each u,, is one-to-one
and

d
n(VMy=P"I+ Y aF=P"I+ ¥ R;F.

ey >m i=m+1



Rational dependence among Hilbert and Poincaré series 151
Consequently

d
vimzy=z""*"(P"I+ Y R;F)z)

i=m+1

d
=Zm+l[PmI(Z)+< Ed: R1F>(Z)_<Pmlﬂ Z R,F)(Z)]
i=ma+1 i=m+l1

Because the presentation k{S)/{R) is a contiguous and a minimal presentation,
and because F is free, we get

V['"](z)=z“’"“[ 2"1(z) + E #(R)Z'F(z) - E #(R)Z’I(Z)}

i=m+1 f=m+1

=z8"1(z)+G(z)z ™! < Y #(Ri)zi>‘

i=m+1

Combining this with formula (17) gives

Bz)=A()-K@)=(1 + U(z»(F(z»(%_z) K@)

_<11 >[G(Z)+U(Z)F(z)— Zz(zg ) (2)

— G(Z)dil zd: #(Ri)zi—m+1:l

m=2i=m+1

~(1)o@|1+2(Lem) -5, & wwie],

m=2i=m+1

which agrees with (13) after one reverses the order of summation. [

In the beginning of this section we stated that the class .4 of algebras having con-
tiguous presentations would provide a stepping-stone between general d.o.g.
algebras and one-two algebras. Theorem 7 bridged the gap from .4 to one-two
algebras, so we need only show how to concoct a contiguous from an arbitrary
presentation. The inspiration for this construction came from [13], where Jacobsson
devised a way to relate an arbitrary finitely presented graded algebra to a Hopf
algebra.

Theorem 8. Let G be any degree-one-generated finitely presented graded k-algebra.
Then there is a graded k-algebra C having a contiguous presentation whose Hilbert
series is given by

Ciz)=(1-g2)"2Q2-G&)) ™", where g=dim(Tor{(k, k)). (18)
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Corollary 6 (Link (c)). The set of Hilbert series of d.o.g. f.p. graded algebras is ra-
tionally dependent upon the set of Hilbert series of algebras which have a con-
tiguous presentation. [

Proof of Theorem 8. Given G, let
G=k(x1,...,xg>/<a1,...,a,>

be a minimal presentation for G, where each |x;|=1 and each |o;/=2. Put
S={x,...,x,} and let S" and S” be copies of S, i.e., they are disjoint from but
isomorphic to S as graded sets. From them we may build k¢S’) and k{(S”), which
are copies of k(S), and we denote by b’ and b” respectively the elements in k(S")
and k(S"”) corresponding to bek(S). Let G, denote ®,_, G, and retain from
Section 2 the notation 7G, for the graded tensor algebra on G, .

Define the algebra C to be

C=k(§") BTG, Qk(S") 19)
as a graded vector space but define multiplication in C by the rule
(@ & W)U () 1") (" B (0))2)... (0 ) ® ")
=(a' @ (u )(1y)... (U )b )(17)... (uy) O A").

If p=0 we intend this to be interpreted as

@ @167 (c'@y)... (0,)®d")=a’c’ ®(bvy)... (v)) ®”,
and likewise if ¢g=0. The reader can check that this multiplication is associative.
We claim that a presentation for C is
C=k(SUS' US"Y/{x;x[—x/x;, xix{—x/x/, p(a)|1=i,j<g;1<t=r),
(20
where ¢:k{S), > k(SUS"US") is defined by

’

’
¢(xi|... x,-") =x,-|x,~2... xin .

To prove this claim, let D be the right-hand side of (20). For an element
uek(Sy., (u) denotes its image in 7G, or T(k(S)),. Consider the surjective
algebra homomorphism

k(SUS'US"y 2 C=k(S"YRTG, ®k(S")

given by s»1RXE)®I1, s'»s®1I®I1, s"-1®1®s”. This homomorphism
vanishes on the relations defining D and therefore induces a surjective algebra
homomorphism

&:D—-C

We will show that £ is injective (hence an isomorphism) by constructing a left inverse
map ¢’
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Consider the k-linear map 7(k<S),)— D defined by («)— ¢(u). This induces
a well-defined map 7G, — D, since if ue(ay,...,a,) we may write u =Y (a;a;b;),
en AN = Ala o h Y= VA" YR vialding A1V =0 Nnow w a dafine the L_
20 (ﬂ\u}_ L(plujujuj)— Llujw\(&j}uj}, ylblullls w\u}—u. LNU WY YWO ULl LIV A
linear map

Ek(SHYR TG, ®k(S"y~C—D
by &'(@’ ®(t))... () @ D"y =a'p(uy)... p(u,)b”, £ (@ ®1®b")=a’d”.

As the reader may easily check, ¢’ is an algebra homomorphism and £’& is the
identity on the generators from SUS’US”. Hence ¢'¢=id,, which proves the
claim (20).

Thus Cis also a d.o.g. algebra and (18) follows from (19), so why is the presenta-
tion (20) contiguous? Let F, P, I, d, and R; be as in Definition 2 applied to the
presentation (20), so R; = {¢(a,)]| la,| =i} for i=3.

Let MU {1} Ck{(S) be an order ideal of monomials such that the image of M in
G forms a k-basis for G, (see, e.g., Lemma 1.1 of [3] for this). Having chosen M,
let

N={x;o(w)p(W)... p(w,)x,

which is a set of monomials in / whose images form a k-basis for C. Note in par-
ticular that

q=0, weM},

I+span(N)=F while INspan(N)=0.

Because of the form of the relations in R, we have for i=3 that
R,C{¢(a;)} Cspan{all x,x,} and consequently that RNC PNCP"N for any m=2
and for each i=3, so

(P™I) NV (RN)C (P™I) N (P"N) =0.

Combining this with the fact that P"IDR;I for i>m, we get

< fj R,-F>ﬂ(P'”I)=< é R,-F>ﬂ(P'”I)

i=m+1 i=m+1

=< ® (R,-N®R,-1)>ﬂ(P’"I)

1=m+

<< & R,»N) @< ® R,~1>>ﬂ(P’”1)

d d
@ RII= E RiI,

i=m+1 i=m+1

1)

which is precisely the desired condition (12). [
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4. Remarks, opinions, and open questions

Having completed the technical part of the paper, we offer in this section some
interpretations of its significance. We will comment on the methods used, on the
formulas involved, and on the ‘classification problem’. We will also touch upon
some possible generalizations of rational dependence and mention some open
questions.

One intriguing aspect of our work is the essential role played by general (i.e., non-
Hopf) non-commutative graded algebras. Most of Sections 2 and 3 dealt in one way
or another with these objects. This emphasis is not at all obviously implicit, say, in
Theorem 2 or Theorem 3, which talk exclusively about local rings or about loop
spaces. Although work on abstract graded algebras has been criticized as being un-
duly specialized or irrelevant, it now appears that certain topological and/or ring
theoretic constructions must be done (or can far more easily be done) in that
category.

Each of the links describing a rational dependence #— % in Fig. 1 is given by an
explicit formula, i.e., for each A(z) one has an explicit formula for B(z) which
shows that B(z) ~ A(z). Although the formulas are sometimes complicated, they are
constructive in the sense that an obvious finite procedure constructs B from A.

Theorem 1, the title theorem asserting that many rational dependencies exist
among classes of series, adds a great deal of importance to the ‘classification pro-
blem’. This problem asks for a simple or concise description of those series which
do occur as the loop series of some finite 1-connected CW complex (resp., the Poin-
caré series of a local Noetherian ring, etc.). That is, given a series A(z), how can
one tell whether A(z) equals some Lx(z) (resp. equals some Pg(z), etc.)? The most
commonly occurring variation more modestly seeks a description of those series
which are rationally related to a loop series (resp. Poincaré series, etc.). In view of
Theorem 1 we now know that an answer to the classification problem for, say, loop
series would also give an answer for Poincaré series of Noetherian local rings, for
Hilbert series of Hopf algebras, and so on. Presumably the fact that one could settle
seventeen classification problems at once affords a heightened incentive to work on
this question.

Definition 1 is not the only plausible definition for rational dependence, and some
generalizations are possible. Starting with the fixed field k let k(z) denote the field
of all rational functions over k in the indeterminate z. Obviously k(z) is a subfield
of k((z)), the field of all formal Laurent series with coefficients in k. Given any
series A(z) e k{(2)), let k(z, A(z)) denote the smallest subfield of k((z)) which con-
tains both k(z) and A(z). Thus A(z) is rational if and only if k(z, A) =k(z). The for-
mal Laurent series 4(z) and B(z) with coefficients in k are weakly rationally related
if and only if k(z, A(z)) =k(z, B(z)).

Obviously A(z) and B(z) are weakly rationally related if they are rationally
related, and the converse holds if either A or B is transcendental over k(z).
However, this converse fails when 4 and B are algebraic. For example, when k=Q),
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the two series A(z) = (1 —25z)"/° and B(z)=A(z)* are weakly rationally related but
not rationally related. Because A(z) and B(z) have only integral coefficients, one
can wonder whether loop series (resp. Poincaré series, etc.) can be rationally related
to them. This is but one unsettled instance of the classification problem.

We restricted our attention in Theorem 1 to d.g.a.’s (4, d) in which A(z) is ra-
tional. A more natural treatment of d.g.a.’s permits A(z) to be irrational and con-
siders the pair of series A(z) and H,(z). We will say that the (pairs of) series for
thed.g.a.’s (A, 6) and (C, d) are rationally related if and only if the field extensions
k(z, A(z), H4(z)) and k(z, C(z), H-(z)) coincide. Since such a field extension can
easily have transcendence degree two over k(z), we prefer not to compare it with
k(z, G(2)) directly but rather to compare it with the extension k(z, G(z), N(z)),
where G and N are two possibly unrelated graded k-algebras. If k(z, A(z), H4(z))
and k(z, G(2), N(z2)) agree, we can say that the pair of series of the d.g.a. (4, ) and
the Hilbert series of the pair (G, N) are rationally related. Note by Theorem 4(D)
that the series of a positive d.g.a. (C, d) is necessarily rationally related to the
Hilbert series of the pair (C, C). Likewise the [pair of] series of a negative d.g.a.
(A, J) is rationally related to the [pair of] series of a positive d.g.a. (C, d) through
Theorem 5.

Lemma 3. Given any pair (G, N) of finitely presented graded algebras, there is a
finitely presented negative d.g.a. (A, 0) whose pair of series is rationally related to
(G(z), N(z)).

Proof. Let (B, d) be chosen (see [2] or [15]) such that B is a finitely presented free
k-algebra and Hyz(z)~ G(z). Put
(A,8)=(B,d)I(N,0)=(BUN, d10).

The Hilbert and homology series of the coproduct A4 are related to the respective
series of the factor d.g.a.’s via (see [14])

A()"'=B@&) '+ N(z) '~ 1~N()
and

H,(2) ' =Hp 4)(2) '+ Hp 0)(2) "' = 1=Hp(z) '+ N(z)"' - L.
One quickly sees that k(z, A(z), H4(z))=k(z, N(z), G(z)). O

Theorem 9 is the pair-wise version of Theorem 1. To save space not all of the
seventeen possible sets are listed.

Theorem 9. The following sets of pairs of series are all rationally dependent upon
each other:

(a) The set of pairs (A(2), H4(z)) for a negative d.g.a. (A, ).

(b) The set of pairs (C(z), H-(z)) for a positive d.g.a. (C, d).
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(c) The set of Hilbert series of pairs of finitely presented graded algebras.

(d) The set of Hilbert series of pairs of one-two Hopf algebras with global dimen-
sion three.

(e) The set of pairs (Pr(2), Ps(z)) for local Noetherian rings R and S.

(f) (When k is a prime field) The set of pairs (Ly(z), Lx(z)) for simply-con-
nected finite CW complexes W and X.

Proof. That the first three sets are interdependent follows from Lemma 3 and the
remarks immediately preceding it. The dependencies of (d), (¢), and (f) on (c) and
vice versa are obvious consequences of Theorem 1. [

Rational dependence can also be generalized in the direction of series in more than
one variable. The double Poincaré series of a locally finite connected graded k-
algebra G is

Po(r,2)= ¥ ¥ dim(Tor ;,(k k)y"z.
p=0g=

If A(y,z) and B(y, z) are formal Laurent series over k in two commuting indeter-
minates, we are tempted to call A and B rationally related if
k(y, z, A(y, 2)) =Kk(J, z, B(y, 2)). One could then ask whether double Poincaré series
of general finitely presented graded algebras are rationally dependent upon double
Poincaré series of, say, Hopf algebras. We have no results along these lines at this
time.

Interestingly, the only positive results about double series dependency which are
currently available suggest that a broader notion of rational relationship may be
desirable. According to [4], the loop series of a formal space (this is a concept from
rational homotopy theory) can be viewed as a double series. When X is a
1-connected formal space with finitely generated rational homology and R is its
graded cohomology ring over @ we have the connection

Lx(yz,2)=Pg(y,2).

Thus we can expect that k(y, z, Lx) *k(y, z, P¢) even though there is a tight rela-
tionship between these two series.
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